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Assume that G has a finite-index subgroup. Is it true that G always have a finite-index normal

subgroup? If it is true, prove it. If it is false, provide a counter example.
A 2 (10 4y). MBIk G R —AAREE, 1EMIVATF A FH R F1
1 4R g€G Ao heG ARR—AAIREE, AL g h £ G FRIE.
2. FiH G 84 BT oY S AT B S Ag .
Let G be a finite group. Prove that the following two statements are equivalent.
1. If g € G and h € G generate the same cyclic group, then g and h are conjugate in G.
2. The characters of complex representations of G are integer-valued.
B8 3 (10 43). Bi%3F R =Z[V/-2].
1 3 R 9P RETHA, FERIREY 25,
2. A|Z R & F R E—MER, JHEMIROY L.
Assume ring R = Z[\/=2].

1. Find all the units in R and prove your conclusion.
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2. Decide whether R is a UFD or not and prove your conclusion.

B4 (10 43). sEZF 4 n >0, £ L C R R, = Clz,y]/(z* —y"). 4 A, A R, ey £, (BF
R, EHo X Pagsié,). iem] A, = Clt], # K dimc A,/R,

For any positive odd integer n, define C-algebra R, = Clz,y]/(x* — y™). Let A, be the normal-
ization of R,, in other words, the integral closure of R, in its fraction field. Prove that A, = C[t],
and find dimg A,/ R,.

& 5 (10 7). % R R IR, m <n A EEHK. BIL A€ Myxn(R) R—AAEIEE R L8y
mxn 425, BRI & Asgmxm FXAERN R e932M. 3125 fel, HE4ERE Be Myum(R)
1%4% AB = f1,,.

Let R be a commutative ring and m < n be positive integers. Assume A € My xn(R), in other
words a m X n matriz with entries in R. Let I be ideal generated by all m x m minors of A. For

any f € I, prove that there exists B € Mpxm(R) such that AB = fI,,.
6 (10 4). itk K =C(z), & F=C(2* +27°) & K a9,
1. K [K: F].
2. VA F L4y ik L=Flo] BB FTHAGTRAR FCLCK .
Let field K = C(z) and F = C(2* 4+ 273) be a subfield of K.
1. Find [K : F].

2. Write down all the intermediate fields F C L C K in the form of simple extensions L = F|a]

over F'.

W7 (10 4)). iR f RAREEGHBF A FRGERTTH SAX. FF) [ AGRXTH.
TERAR B 251
Let f be an irreducible rational polynomial of degree five with exactly three real roots. Is f

solvable by radicals or not? Prove your conclusion.

B8 (15 7). 1Bk sly & C oy 2 x 2 493k A RIEEL R AT 2 RE. 4 p: sl — gly, & ERH sl
AR AT, B Sy & p by k kAT ARAR.

1. 328 S IR 4.
2. ¥ sly RTa9RER S QS BIAERT Y £ wby A Ao,

Let sly be complex Lie algebra consisting of 2 x 2 trace-zero matrices, and p: sly — gl, be the

standard representation of sly, and let Sy be the k-th symmetric product of p.
1. Prove that Sy is irreducible.

2. Write down the sly irreducible decomposition of tensor product S,, Q) S;.
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B9 (204)). Bik e (i=1,...4) 2 R ahhrk. 25 R by
(2,y) = T1y1 + T2y2 + T3ys — Ta¥a
TSGR AR R, RY g —2B 5 f; (i=1,...4) FRIEAREE A S A0S
(frf)=(2fo)=(fs05) =1, (fo.f)=-1 (fi,f;)=0ifi#].
Bk T % R* Lohigtezt Tk, BPAMEH T %2
(Tx, Ty) = (2,y)
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cosf) —sinf
sinf  cosé '
3. A TR ANA 2 W53k,
cosh 6 sinh6 cosh 6 sinh 6
+ or £ .
sinh @ cosh 6 —sinh@® —coshd
4. RoNA 3 ek, BAREA N =+£1, 145 (A=) =012 (A—AI)*> #0.
Lete; (i=1,...4) be the standard basis for R*. Consider the symmetric bilinear on R* defined
by

(z,y) = 2191 + Taya + T3Y3 — Tays.
A basis f; (i=1,...4) of R* is called orthonormal if

(fu )= fo) = f3) =1, (fu, fa)=—1, (fi, ;) =0ifi#].

Suppose T is a Lorentz transformation on R*, that is, T is a linear transformation such that

(T, Ty) = (2,y)
for all x,y € R*. Prove that there exists an orthonormal basis of R* such that the matriz of T is

block diagonal with blocks of the following types:
1. A block of order 1 with entry +1.

2. A block of order 2 of the form
cosf) —sinf
sinf  cos@ .
3. a block of order 2 of the form
coshf sinhd cosh 0 sinh 0
+ or .
sinh @ cosh 6 —sinh @ —coshé
4. A block A of order 3 with eigenvalue A = +1 so that (A — X )? =0 but (A — \)? #0.
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