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ZARIRRE Subject:  SREPFFEARBE L4 EAE#E Algebra Qualifying Exam for Qiuzhen College
144 Name:

2445 Student ID:

o Exam Time: September 2026 (3 hours)
o This exam has 4 pages of 7 basic problems and 2 out of 6 advanced problems (100 points).

o Candidates are expected to adhere to the examination discipline by default, and those who do

not comply will bear the consequences themselves.
e To receive full credit, all answers must provide necessary details, proofs, and justifications.

e You are strongly encouraged to write your answers in English.
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Q.8-13 are advanced problems and selective. Choose and answer two of them. No other
answers will be graded. Draw and fill the following table on the front page of the

answer sheet to declare which two questions need to be graded.
Advanced Problems
Q.

Score

In the following problems, Q is the field of rational numbers, R is the field of real numbers, C is
the field of complex numbers, Z is the ring of integers, F, is the finite field consisting of ¢ elements.

In all the problems, a ring means a commutative ring with multiplicative unit.
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1 JLAl@ Basic Questions

Q. 1 (10 points). Classify all groups of order 99 up to isomorphism.

Q. 2 (10 points). Decide whether every 2 x 2 complex matriz has a complexr matriz square root.

Give a proof or a counterexample.

Q. 3 (10 points). Let k be a field and let R = k[z]. Suppose that a,b € R are nonzero polynomials,
and set

M =R/(@), N=R/b).

Prove that there exists d € R such that
Torf (M, N) =
Deduce that
Torf(M,N) =0

if and only if d is a unit in R.

Q. 4 (10 points). Let

1
1
0 € gl,(C).

o O O =

0 0 -1
Find all Borel subalgebras of gl,(C) that contain A.

Q. 5 (10 points). Consider the polynomial
f(X)=X*-10X?+20 € Q[X].
1. Prove that f is irreducible over Q.
2. Prove that the splitting field of f is L = Q(«) where a = \/m
3. Determine Gal(L/Q), and list all intermediate fields between Q and L.

Q. 6 (10 points). Let
W = (51,5 ’ ss=s3=1, (s10)"=1).

Compute the character table of W.
Q. 7 (10 points). Let k be a field, and let
R = k[z,y]/(x,y)*.

For each nonzero pair (a,b) € k*, let M(a,b) be the two-dimensional R-module with k-basis e, es

whose R-module structure is given by
rep = aey, yer = bes, res = yeg = 0.
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. Prove that M(a,b) is indecomposable.

. Show that the endomorphism ring Endg(M (a, b)) is isomorphic to k[e]/(?) as a k-algebra.
. Let (a,b) and (c,d) be both nonzero pairs in k*. Prove that

M(a,b) =2 M(c,d)

if and only if
(c.d) = Aa,b)

for some A € k*.

. Prove that every indecomposable R-module of k-dimension two is isomorphic to M(a,b) for

some nonzero pair (a,b) € k*.
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2 %58 Advanced Questions

Q. 8 (15 points). Find two sets of closed points { Py, Py, P3},{Q1,Q2,Q3} C Al such that

Al \ {P17P27 P3} % Al \ {Qla@?a Q3}
(Assume the base field is C.)

Q. 9 (15 points). Determine whether the following projective plane curves are smooth, and compute

the geometric genus of their normalizations. (Assume char k =0 or char k >5).
1. YZ=X2
2. Y*Z = X3,
3. Y?Z =X3- X272

Q. 10 (15 points). Let A be a Dedekind domain. Denote by K the fraction field of A.

1. Let py,--- ,pp be pairwise distinct maximal ideals of A. Let e, --- , e, be elements of Z. Show
that there exists x € K such that in the factorization of the fractional ideal (x), the exponent

of pi ise; foralll <i<n.
2. Show that any ideal of A can be generated by two elements.

Q. 11 (15 points). Let ¢; be a T-th primitive root of 1 and K = Q((7). Let ¢ € Z be a prime number

and let B be a mazimal ideal of Ok above q. Determine the residue degree fg/q,.

Q. 12 (15 points). Let g be a finite-dimensional semisimple complex Lie algebra. Fiz a Cartan
subalgebra and a Borel subalgebra of g. Let n and n~ respectively be the subalgebra spanned by
positive and negative roots. Let Z(Ug) be the center of the enveloping algebra Ug. Show that

ZUg)N({Un-Un")=C- 1.
Q. 13 (15 points). Let Oq be the principal block of the BGG category O for g = sl3.
(1) Find the highest weights of all the indecomposable projective modules in Q.
(2) For each module in (1), find its length.

You may use the following fact: each Kazhdan—Lusztig polynomial for Ss is either zero or a monomial
with coefficient 1.
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