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Qualifying Exam-Analysis
Fall 2024

. (10 pts) Find all the conformal maps from C\ {0} onto C\ {0}. Verify your answer.

. (10 pts) Let © C C be a simply connected domain and u a real-valued harmonic
function on €. Prove that up to a constant, there exists a unique holomorphic function

f on Q such that Re(f) = u.

. (10 pts) Find all a € R such that the following boundary value problem has no solution

u = u(x): ,
d*u
) +au=1, u(0)=u(l)=0.

. (10 pts) Let u € .#/(R3) be the standard surface measure on the unit sphere
S? = {x = (21,22,73) : |z|* =27 + 23 + 23 = 1} C R%.

Compute its Fourier transform (¢) for € € R3. (Here we use the following definition

for Fourier transform of L' functions

a(§) = /]RS e~ Sy(x)dx

and extend to tempered distributions.)

. (15 pts) Consider the following operator

riw) = [ L4,




(i) Show that for p € (1,00), and any f € C.([0, 00)),

1T £l 27 ([0,00)) < Coll fllzr([0,00))>

where

[ee) dl’
Cp = —_—
' /0 w!/P(1+ x)

(ii) Compute Cp.

(iii) Show that the result in (i) does not hold for any Cj, > 0 when p =1 or p = oo.

6. (15 pts) Find all C* solutions u = u(z,y) : R> — R of the equation

o= (3 ) -

7. (15 pts) Let X be a Banach space, and V C X be a subspace with finite codimension.

(i) Show that V' is not necessarily closed by providing a counter example.

(ii) Suppose there exist a Banach space ¥ and a bounded linear operator A from Y

to X, such that V = R(A). Show that V is closed.

8. (15 pts)

(i) Let 6: R — R* be a C* function such that [|¢/ /6| r) < 1. Show that for all

u € C°(R), there exists some absolute constant C' s.t.,
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(ii) Let w: R* — RT be a C' function such that ||Vw/w| feg2) < 1. Show that for

all u € C°(IR?), there exists some absolute constant C' s.t.,
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