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o ZHFE]: 2024 4 2 H Exam Time: 2024.02
o AGRFELL 3 T, 9 B A, E9A 100 4. This exam has 3 pages, 9 problems, 100 points.

o FZAER SRR, AMNESFE G H 1. Candidates are expected to adhere to the ex-
amination discipline by default, and those who do not comply will bear the consequences

themselves.

o FRAERIMAEIES B ERIZETT, MR IEFIHER T FE.  All answers must include necessary

details, reasoning basis, and the process of reasoning.

UM H Q2 A HEOE, R 5500, C e 88U, Z 188K, Fy F ¢ DITRIAREL
AE H IR B 4SS R

In the following problems, Q is field of rational numbers, R is field of real numbers, C is field
of complex numbers, Z is ring of integers, Fj is finite field consisting of ¢ elements. In all the

problems, ring means commutative ring with multiplicative unit.
B 1 (10 points). fE3% V RARELERZR, SR T:V -V REMLH. EH

1. BETH ARG ERTR DV 5V RBREREBRTEHR NV S5V, 43 T=D+N, #H8
DN = ND.

2. XA D Fo N ik T —h 7.

Let V be a finite dimensional complex vector space. Given a linear transformation T:V — V|

prove

1. There exists diagonalizable linear transformation D:V — V and nilpotent transformation
N:V =V, such thatT =D+ N, and DN = ND.

2. Such D and N are uniquely determined by T .

Bl 2 (10 points). 8% A #o B & n PriE T L7, £ det(A+ B) > det(A).
Let A and B be positive definite real symmetric matrices of order n, prove that det(A + B) >
det(A).




3 (10 points). & G ABE n MATRLBEE. KA S VARRGA G 5 R/Z HBRA? iE
AR S
Let G be a fixed finite abelian group of order n. How many distinct group homomorphisms are

there from G to R/Z? Prove your conclusion.

8 4 (10 points). 4RIX Dop ZMEA 4n 69 —\KBE. BT Doy, 8917 4 F AT 09 FAEAT A
Let Dy, be dihedral group of order 4n. Write down the character table of irreducible complex

representations of Day,.

i 5 (10 points). Bi% p 2EHK, R F=F)(v,y), a€F. 4 K 1P -z —a £ F Lé5 38,
1. i K/F & Galois 47 3K.
2. RPrA TH 4 Galois # Gal(K/F).

Let p be a prime number and field F = F,(z,y), a € F. Assume K is the splitting field of

2P —x — o over F.
1. Prove that K /F is Galois extension.
2. Find all the possible Galois group Gal(K /F).
B 6 (10 points). fR& R Z¥F, AutR & R #9318 A RMBE. *F Aut R 89 RF# G, T
RY = {r € Rlg(r) =7,Vg € G}.
1. 3E®] R & RC k.
2. EW4e 3t Aut R 9 A TRF2 G #= H 4 R =RH N G =H.

Let R be an integral domain, Aut R the ring automorphism group of R. For finite subgroup G
of Aut R, define
RY = {r € R|g(r) = r,Vg € G}.

1. Prove that R is integral over RC.
2. Prove that for finite subgroups G and Hof Aut R, if R® = RY, then G = H.

7 (10 points). 1BiX A F= B #R &R bk oA RAERKE, BARERS f: A— B 443 f k4
ok EREFYS. sHMEE B PR KEA m, EM f(m) 2 A R KA.

Let k be a field, A and B be finitely generated k-algebra, and f: A — B be a ring homomorphism
such that the restriction of f on k is identity. Prove that for any maximal ideal m of B, the inverse

image f~1(m) is a maximal ideal of A.

Bl 8 (15 points). 4 W 2 2 x 2 69 R EL4EMELL R G F &=, W = {A € Myyo(R)|trace(A) =
0}.

1R W B RS A (A, A') = trace (AA) #9755
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2. iEH] PxA=PAP™' X7 SL(2,R) £ W L&g&BEAER.

S ARMEAMMERZIFF L o0 SL2,R) = Og1. EF Ogy RARFH T A (2,1) 69 L3RR
EATER R & 3

4. RE|ZAF &

Let W be the real vector space of real trace-zero 2x 2 matrices W = {A € Mayo(R)|trace(A) = 0}.
1. Find the signature of the symmetric bilinear form defined by (A, A’) = trace (AA").
2. Prove that Px A= PAP™! defines a linear group operation of SL(2,R) on the space W.

3. Use this operation to define a group homomorphism ¢: SL(2,R) — Oq. Here Oy is the group

of linear transformations preserving real symmetric bilinear form of signature (2,1).

4. Find the kernel of this homomorphism.

Bl 9 (15 points). Bk p R—AFH, ¢=p" RELF. FRARBF, L9 2x2 69 TH RN
A A GL(2, Fy). K

1. GL(2, F)) 89 F4e 69 M
2. HAEIEF G TEAMK

Let p be a prime number and ¢ = p" a power of p. Consider the group GL(2, F,) consisting of

2 x 2 invertible matrices over finite field F,. Find
1. The number of conjugacy classes in GL(2, Fy).

2. The number of elements in each conjugacy class.




