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basic problems, 2 out of 6 advanced problems, 100 points.

o AR B A, NESFE G E 1. Candidates are expected to adhere to the ex-
amination discipline by default, and those who do not comply will bear the consequences

themselves.

o TAEBMEIEE BB, HEE PR AIHEELE R . All answers must include necessary

details, reasoning basis, and the process of reasoning.
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In the following problems, Q is the field of rational numbers, R is the field of real numbers, C is
the field of complex numbers, Z is the ring of integers, F, is the finite field consisting of ¢ elements.

In all the problems, ring means commutative ring with multiplicative unit.

1 EakSi Basic Questions
B 1 (10 points). &V R—AARLEIALEETR, T £V E6—ANZEEF. B& T 698 557
XAHIES A XA F. IEA T RAARSAREFEN,

Let V' be a complex vector space of finite dimension and T a linear operator on V. Suppose the
minimal polynomial of T agrees with the characteristic polynomial. Show that T only has finitely

many invariant subspaces.

B 2 (10 points). 1% Do, A H-4h 2n &9 —@ikBE, L8 Ag PAHEE—A Sylow 5-F B 69 EMALTF
iéj lgj*ﬁ% Dl(]o

Denote by Dy, the dihedral group of order 2n. Prove that the normalizer of any Sylow 5-subgroup

of Ag is isomorphic to Dqg.

B 3 (10 points). 1. Q(V1+v2)/Q RF A F Ly ik?
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2. HE Q(V1+V2) #38 A#EE Aut(Q(V1 + v2)).

1. Is Q(V1++v/2)/Q a Galois extension?

2. Determine Aut(Q(v/'1 ++/2)), i.c., the automorphism group of Q(\/1 + V/2).

Al 4 (10 points). 1. % R Z—AZHRHBERL, K 2 R 45Xk, & R & K #§—/FIr L&
4 R, iEPA R & A EIR,

2. 3% Ry Ao Ry RAEMIR. B Ry X Ry BB TEm [ x I, £ I, Fo [, 5 5% Ry F=
Ry #3248,

1. Let R be a principal ideal domain with fraction field K. Let R' be a subring of K that contains
R. Show that R’ is a principal ideal domain.

2. Let Ry and Ry be commutative rings. Show that the ideals of Ry X Ry are all of the form I X I,

where Iy and Iy are ideals of Ry and Ry, respectively.

B 5 (10 points). & R & —ARMIK, M Z—NEHF R-BE, [={rvec R|xM =0} & M #F4L
MM, iE R/I & —/NBHFK,

Let M be a Noetherian R-module and I the annihilator of M. Show that R/I is Noetherian.
B 6 (20 points). sl(n,C) & n xn &9FAH 0 &9 5 5 M &6 FX K.
1. # & sl(n,C) 8 Killing &,

2. VAT R Weyl 895N X,

Z(_l)é(w)ew(p) _ H (ea/2 _ efoz/Q)’

weW a€RtT

L, RT TR ERES, p =52 —EikFe. #F sl(n, C) ER A Ko
Let sl(n, C) be the Lie algebra of n x n traceless matrices over C.

1. Compute the Killing form for sl(n, C).

2. Recall the Weyl denominator formula
Z (_1)€(w)ew(p) — H (ea/Q _ 6—11/2)7
weW aERtT

where RT denotes the positive roots and p is the half sum of the positive roots. Prove this
formaula for sl(n,C).
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2 EZ Advanced Questions

(FEB B TUE B M W, Circle the two questions to be graded on the front page of

the answer sheet.)

B 7 (15 points). & k A4FIEp >0 893, 4 K =k(z,y) A k LAATEOF R HHMR, L5
F = k(a?,y?).

1. i£8 [K : F] = p%
2. kR KP C F,

3. k¥ K/F BERE % AT A B

Let k be a field of characteristic p > 0, let K = k(x,y) be the rational function field over k in

two variables, and let F' = k(z?,yP).

1. Prove that [K : F] = p*.

2. Prove that KP C F.

3. Prove that there are infinitely many intermediate fields of K/F.
i 8 (15 points). & K 4 f(z) =2" —7 &£ F5 E&95 2.

1. #x Gal(K/Fs)o

2. B K/Fs5 Bk 69 ¥ a3k

3. ¥ flx) 2 MAHRT Y %R X FAR

Let K be the splitting field of f(x) = 2" — 7 over Fj.

1. Determine Gal(K /Fs).

2. Find all the intermediate fields of K /Fs.

3. Factorize f(x) into irreducible polynomials.

B 9 (15 points). 1. #% R R—AKMER, K 2 R @5 X8, L 2K 6§—MHF K. 29
%L PeaE e R EAKS, NEk K L@ %R X5 T RlY.

2. % R=Clty,....t,)| REAEAKXK, fERR—ALFFH T %7 K. & B=R[s]/(s*—
f). iE® B R &89,

1. Let R be an integrally closed domain with fraction field K. Let L be an algebraic extension of

K. Show that if x € L is integral over R then its minimal polynomial over K is in R[t].
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2. Let R=Clty,...,t,] and f € R be a square-free polynomial. Let B = R[s]/(s* — f). Show that

B is an integrally closed domain.
B 10 (15 points). % R R—AX#K, [ £ R G—NHRAREAE, BHE IP=1,
1 ERABLAE— ec R1EF T B e )k, Be?2=c
2. 8% 1 #0,R. 8 R Z M AN EALAR.

3. K3F Cla)/a(z —1)(z —2) MHABL J2=J 6= J 845K

Let R be a commutative ring, I be a finitely generated ideal of R such that I2 = 1I.
1. Show that I it is generated by a unique element e such that * = e.
2. Suppose I # 0, R. Show that R is a product of two rings.
3. Find the number of all ideals J of Clz|/z(x — 1)(z — 2) such that J* = J.

B 11 (15 points). 4~ S, H n ANFEEGTAREE, METHBE S3 Fo Sy AR TH L AT, FH
HEEAT R

Let S,, be the symmetric group of n letters. Construct all the complex irreducible representations

for the symmetric groups Sz and Sy, and calculate their character tables.
& 12 (15 points). % A, B A X #3H.
1. Bi% B A=A A-RH. & ag,a0 A A FaGEA, £ a;BNaxB = (a; Nag)Bo
2. Xk A=A, A=k[r,y] L B=Alz]/(zz—y). iE¥H B TAE—/F3 AR HK
Let A, B be commutative rings.

1. Suppose B is a flat A-algebra. Let a1, ay be ideals of A, show that a;B NaxB = (a; Nay)B.

2. Let k be a field, A = k[x,y| and B = Alz]/(zz — y). Show that B is not a flat A-algebra.




