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o ZHFE]: 2024 4 9 H Exam Time: 2024.09
o AGRFELL 3 T, 9 B A, E9A 100 4. This exam has 3 pages, 9 problems, 100 points.

o FZAER SRR, AMNESFE G H 1. Candidates are expected to adhere to the ex-
amination discipline by default, and those who do not comply will bear the consequences

themselves.

o FRAERIMAEIES B ERIZETT, MR IEFIHER T FE.  All answers must include necessary

details, reasoning basis, and the process of reasoning.

UM Q fieAREEDE, R f55e8us, C 8840, Z 188K, F, 2A ¢ MITRIAR
. FERE IR A 4 AL IR

In the following problems, Q is the field of rational numbers, R is the field of real numbers, C is
the field of complex numbers, Z is the ring of integers, F, is the finite field consisting of ¢ elements.

In all the problems, ring means commutative ring with multiplicative unit.

B 1 (10 points). #& ¢ Z—ANFEGF. HHAF, LREA 21 9 F—RTHZAXGKE.

Suppose q is a prime power. Compute the number of monic irreducible polynomials of degree 21

over F,.

B 2 (10 points). %7 44 n. % B AA A T n+ 1 K5 A AR89 2R g = sl (C). 4
b A g R AR A R 80 T .

(i) B g £F b &5 Cartan 5 (LARVEARD ) .

(ii) #63& (9,b) BARE M PTAM, FER IR 9L,

Given a positive integer n. Let g = sl,41(C) be the Lie algebra of all (n+ 1) x (n+ 1) complex

matrices with trace 0. Let by be the space of all diagonal matrices in g.
(i) Give the Cartan decomposition (also called root decomposition) of g with respect to b.

(ii) Describe all roots in the oot system associated with (g,b), and prove your result.
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Bl 3 (10 points). 4 EFH p. H LB
10
G:{[ b]heF@beFS}cGL@j@.
a

AP BpiE Ak REsE. Kb G MRTYHLRTHHIEL

Let p be a prime number. Consider group
10
G= {[ b] la € Fp,b e FX} C GL(2,F,)
a

with group law given by matriz multiplication. Find the character table for irreducible complex
representations of G.
A 4 (10 points). & A FRIER LB G #H 2 |G| <60. KA TR G
Suppose G is a finite non-abelian simple group such that |G| < 60. Find all possible G.
i 5 (12 points). % ¢ & —ANE K6 F.
(i) SEPHEAT By L 69 RE T AR5 —AN2h S ARRE T JE AR

(i) Wt HEF, LA 3x3 ZRIEEGHE.
Suppose q is a prime power.

(i) Prove that any nilpotent square matriz over ¥, is similar to a matriz of the Jordan normal

form.
(i) Compute the number of 3 x 3 nilpotent matrices over Fy.
B 6 (12 points). AEXHA R, F K T R BR SH R I H K&
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(ii) %—4T5 % 24T R4 E4F);
(i) % =47 Ay — By — Cy 89 5 R KR A.
ERAFE AT R —/NEIEA T

Let R be any commutative ring, and consider the commutative diagram (1) (see above) of R-

module homomorphisms. Suppose we have
(i) All the columns are short exact sequences;
(ii) The first and third rows are short exact sequences;
(i) The composition Ay — By — Cy is zero.
Prove that the second row is a short exact sequence.
B 7 (12 points). 4 F = Q|cos %]
(i) iEBA F/Q Hfi ¥ BLI K.
(i) K Gal(F/Q).
(iii) R— 3y k4 Q=FyCF, C---CF,=F, 1% [F.. : F;] AF3
Let F = Qcos {5].
(i) Prove F/Q is a Galois extension.

(ii) Find the structure of Gal(F/Q).

(i) Find a chain Q =Fq C F; C --- C F, = F of field extensions, such that [F;yq : F;] are prime

numbers.
i 8 (12 points). # 3R Z [L\z/:ﬂ
(1) 9 2 [T R— ABILZ 4R
(i) L p>5 2—AFkH & acF\F, —A1E, #Fa®=-1 #F (a—a ')’ =-3, 4
9 p A 2| R RTH S ARS p=2 (mod 3).
Consider the ring Z {L‘Z/j’} .
(i) Prove that Z [Lﬁ} is a Buclidean domain.

(ii) Let p > 5 be a prime number. Let o € F\F, be an element so that o® = —1. Deduce that
(@ —a 2 = =3, and show that p is irreducible in Z {%ﬂ} if and only if p =2 (mod 3).

Wi 9 (12 points). &2 %% p. % R R—ANEBHR, BAMEEAErc R¥YF P =r. 41 AR
A9 M K 2 4.
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(i) % RJI B T ek ;

(ii) % R & A T Hedk.

Let p be a prime number. Suppose R is a local ring such that for any element r € R, we have

rP =r. Let I be the maximal ideal of R.
(i) Find all the possibilities of R/I;

(i) Find all the possibilities of R.
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